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PRIME AND PRIMITIVE KUMJIAN-PASK ALGEBRAS
MARYAM KASHOUL-RADJABZADEH, HOSSEIN LARKI, ABDOLMOHAMMAD
AMINPOUR
Abstract. In this paper, prime as well as primitive Kumjian-Pask al-
gebras KPR(Λ) of a row-finite k-graph Λ over a unital commutative ring
R are completely characterized in graph-theoretic and algebraic terms.
By applying quotient k-graphs, these results describe prime and primi-
tive graded basic ideals of Kumjian-Pask algebras. In particular, when
Λ is strongly aperiodic and R is a field, all prime and primitive ideals of
a Kumjian-Pask algebra KPR(Λ) are determined.
1. Introduction
For giving a generalization and graphical version of higher dimensional
Cuntz-Krieger algebras [19], Kumjian and Pask in [11] introduced higher
rank graphs (or k-graphs) and their relative C∗-algebras. The class of higher
rank graph C∗-algebras naturally includes graph C∗-algebras and every (di-
rected) graph may be considered as a 1-graph. Since then, there have been
great efforts to investigate the structure of higher rank graph C∗-algebras.
(See [16, 18, 10] among others.)
A Leavitt path algebra LR(E) is an algebraic analogue of graph C
∗-
algebras C∗(E), that was first introduced in [1, 4] for a row-finite (directed)
graph E over a field R and then extended in [2] and [20] for every graph E
and unital commutative ring R. Leavitt path algebras are so called because
they also generalize the algebras L(1, n) without invariant basis number
studied by Leavitt in [14]. Despite the similarities in the definitions, there
are some differences between a graph C∗-algebra C∗(E) and the Leavitt
path algebra LR(E) that one should take notice:
(1) The coefficients of C∗(E) belong to C, but the coefficients of LR(E)
belong to a unital commutative ring R.
(2) Many similar results for these classes of algebras have been obtained
independently by different techniques so that each one may not be
applied for the others.
(3) Even in the case R = C, the algebras C∗(E) and LR(E) may have
different structural properties. For example, if E is a graph with
one vertex and one edge, C∗-algebra C∗(E) (= C( T)) is not prime
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where as LC(E)(= C[x, x
−1]) is a prime ring. Thus in many cases
one can not simultaneously investigate both graph C∗-algebras and
Leavitt path algebras.
Let Λ be a row-finite k-graph without sources and R be a unital com-
mutative ring. In [5] the authors introduced a Zk- graded algebra KPR(Λ)
which is called the Kumjian-Pask algebra. Kumjian-Pask algebras are the
algebraic analogue of the k-graph C∗-algebras [11]. They then proved two
kinds of uniqueness theorems, called the graded uniqueness theorem and the
Cuntz- Krieger uniqueness theorem and analyzed the ideal structure.
More recently in [7] Kumjian-Pask algebras were defined for arbitrary row-
finite k-graphs being “locally convex”. It is shown that the desourcifying
method could extend the results of [5] for these algebras.
Recall that if E is a directed graph and R is a field, prime ideals as well as
primitive ideals of LR(E) are described in [6, 17], via special subsets of the
vertex set so-called maximal tails. First, the prime and primitive Leavitt-
path algebras are determined by underlying graphs. So, prime graded ideals
and primitive graded ideals of a Leavitt-path algebra are characterized by
applying quotient graphs. Then it is shown that non graded ones are cor-
responding with prime ideals in K[x, x−1] and special families of maximal
tails. However, if R is not a field, the spaces of prime ideals and primitive
ideals of LR(E) are more complicated.
The aim of this article is to investigate prime and primitive Kumjian-Pask
algebras KPR(Λ). We will allow the coefficient ring R to be an arbitrary
unital commutative ring rather than a field and also Λ to be a locally convex
row-finite k-graph. We first in Section 2 review some basic definitions and
results of higher rank graphs and their Kumjian-Pask algebras from [5, 7].
Then in Section 3, we provide equivalent conditions for the primeness and
the primitivity of Kumjian-Pask algebra KPR(Λ) of a row-finite k-graph Λ
with no sources. Finally, in Section 4, we apply the desourcifying method
due to Farthing [8] to extend our main results to any row-finite locally convex
k-graph with possible sources. In particular, the prime and primitive basic
graded ideals of a Kumjian-Pask algebra KPR(Λ) are described. Notice
that when R is a field and Λ is strongly aperiodic, these results determine
all prime and primitive ideals of KPR(Λ).
2. Preliminaries
In this section, we recall some preliminaries about higher rank graphs and
Kumjian-Pask algebras which will be needed in the next sections. We refer
the reader to [11, 16, 5, 7] for more details.
We denote the set of all natural numbers including zero by N. Let k be
a positive integer. For m,n ∈ Nk, we write m ≤ n if mi ≤ ni for every
1 ≤ i ≤ k and write m ∨ n for the pointwise maximum of m and n. We
usually denote the zero element (0, . . . , 0) ∈ Nk by 0.
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Definition 2.1. For a positive integer k, a k-graph (or higher rank graph) is
a countable category Λ = (Λ0,Λ, r, s) equipped with a functor d : Λ → Nk,
called the degree map, satisfying the following factorization property: for
every λ ∈ Λ and m,n ∈ Nk with d(λ) = m+ n, there exist unique elements
µ, ν ∈ Λ such that λ = µν and d(µ) = m, d(ν) = n.
Example 2.2. For every ordinary directed graph E = (E0, E1, r, s), the path
category is naturally a 1-graph. In this 1-graph, Λ0 is the set of vertices E0
and the set of morphisms are the finite path space Path(E) of E. Also, the
degree map d : Path(E) → N may be defined by d(µ) = |µ| (the length of
µ).
Example 2.3. Let Ω0k := N
k and Ωk := {(p, q) ∈ N
k × Nk : p ≤ q}. Define
r, s : Ωk → Ω
0
k and d : Ωk → N
k by s(p, q) := q, r(p, q) := p, d(p, q) := q− p.
Then two pairs (p, q) and (r, s) are composable if q = r and (p, q)(r, s) =
(p, s). By this definition (Ωk, r, s, d) is a k-graph. Moreover, for any m ∈ N
k,
we may define Ω0k,m := {p ∈ N
k : p ≤ m} and Ωk,m := {(p, q) ∈ N
k × Nk :
p ≤ q ≤ m}. With the same definition for r, s and d as above, (Ωk,m, r, s, d)
would be a k-graph.
For v,w ∈ Λ0 and n ∈ Nk, we define vΛw := {µ ∈ Λ : s(µ) = w, r(µ) = v}
and Λn := {µ ∈ Λ : d(µ) = n}. Then by the factorization property we may
identify Λ0 with the objects of Λ and so the elements of Λ0 are called vertices.
Definition 2.4. A k-graph Λ is row-finite if the set vΛn = {µ ∈ Λn : r(µ) =
v} is finite for every v ∈ Λ0 and n ∈ Nk. Also, we say Λ has no sources if
vΛn 6= ∅ for every v ∈ Λ0 and n ∈ Nk. A k-graph Λ is called locally convex,
if for every v ∈ Λ0 and distinct i, j ∈ {1, 2, . . . , k}, λ ∈ vΛei and µ ∈ vΛej ,
the sets s(λ)Λej and s(µ)Λei are nonempty. Note that if a k-graph Λ has no
sources, it is trivially locally convex.
For n ∈ Nk, we set
Λ≤n := {λ ∈ Λ : d(λ) ≤ n, and s(λ)Λei = ∅ whenever d(λ) + ei ≤ n}.
If Λ has no sources, we have Λ≤n = Λn.
Definition 2.5. Let Λ be a row-finite locally convex k-graph and m ∈ (N ∪
{∞})k. A degree preserving functor x : Ωk,m → Λ is called a boundary path
of degree m if for every p ∈ Nk and i ∈ {1, 2, . . . , k}, p ≤ m and pi = mi
imply that x(p)Λei = ∅. We denote the set of boundary paths by Λ≤∞. If
x ∈ Λ≤∞, we usually call x(0) ∈ Λ0 the range of x and write it by r(x). The
degree of x is denoted by d(x).
For every x ∈ Λ≤∞ and n ∈ Nk with n ≤ d(x), there is a boundary path
σn(x) of degree d(x)−n which is defined by σn(x)(p, q) := x(p+n, q+n) for
p ≤ q ≤ d(x) − n. Note that for every p ≤ d(x), we have x(0, p)σp(x) = x.
Also, if λ ∈ Λx(0), there is a unique boundary path λx : Ωk,m+d(λ) → Λ
such that λx(0, d(λ)) = λ, (λx)(d(λ), d(λ) + p) = x(0, p). If Λ has no
sources, every boundary path is an infinite path; so, in this case, we denote
Λ∞ = Λ≤∞.
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Definition 2.6. Let Λ be a row-finite k-graph. we say that Λ is aperiodic if
for every v ∈ Λ0 and each m 6= n ∈ Nk, there is x ∈ Λ≤∞ such that either
m−m∧d(x) 6= n−n ∧ d(x) or σm∧d(x)(x) 6= σn∧d(x)(x). We say Λ is periodic
if is not aperiodic.
For a row-finite k-graph Λ with no sources, every boundary path is an
infinite path. So, for every m,n ∈ Nk and x ∈ Λ≤∞, we have m∧ d(x) = m,
n ∧ d(x) = n. Hence, when Λ has no sources, the definition of aperiodicity
presented above is equivalent to the same definition given in [5].
Let Λ be a k-graph and Λ6=0 = {λ ∈ Λ : d(λ) 6= 0}. For every λ ∈ Λ, we
define a ghost path λ∗ and for v ∈ Λ0, we define v∗ := v. The set of ghost
paths are denoted by G(Λ). We extend d, r, s to G(Λ) by
d(λ∗) = −d(λ) , r(λ∗) = s(λ) , s(λ∗) = r(λ).
Also the composition on G(Λ) is defined by λ∗µ∗ = (µλ)∗ for µ, λ ∈ Λ6=0.
Definition 2.7. Let Λ be a row-finite locally convex k-graph and R be a
unital commutative ring. A Kumjian-Pask Λ-family (P, S) in an R-algebra
A consists of two functions P : Λ0 → A and S : Λ6=0∪G(Λ6=0)→ A satisfying
the following conditions.
(KP1) {Pv : v ∈ Λ
0} is a family of mutually orthogonal idempotents.
(KP2) for all λ, µ ∈ Λ6=0 with r(µ) = s(λ), we have SλSµ = Sλµ, Sµ∗Sλ∗ =
S(λµ)∗ and
Pr(λ)Sλ = SλPs(λ) = Sλ,
Ps(λ)Sλ∗ = Sλ∗Pr(λ) = Sλ∗ .
(KP3) for all n ∈ N \ {0} and λ, µ ∈ Λ≤n, we have Sλ∗Sµ = δλ,µPs(λ).
(KP4) for all v ∈ Λ0 and n ∈ Nk \ {0},
Pv =
∑
λ∈vΛ≤n
SλSλ∗ .
For every locally convex k-graph Λ, [7, Theorem 3.7] implies that there
is an R-algebra KPR(Λ) generated by a Kumjian-Pask Λ-family (P, S) such
that if (Q,T ) is a Kumjian-Pask Λ-family in an R-algebra A, there exists an
R-algebra homomorphism piQ,T : KPR(Λ) → A such that piQ,T (Pv) = Qv,
piQ,T (Sλ) = Tλ, and piQ,T (Sλ∗) = Tλ∗ . The R-algebra KPR(Λ) is called the
Kumjian-Pask algebra of Λ with coefficients in R. A calculation shows that
(2.1) KPR(Λ) = spanR{sαsβ∗ : α, β ∈ Λ, s(α) = s(β)}
(cf. [5, Theorem 3.4] and [7, Corolary 3.4]).
Recall that a ring R is called Zk-graded if there is a collection of additive
subgroups {Rn}n∈Zk of R such that Rn1Rn2 ⊆ Rn1+n2 and every nonzero
element a ∈ R can be written uniquely as finite sum
∑
n∈G an of nonzero
elements an ∈ Rn. The subgroupRn is said the homogeneous component of R
of degree n. In this case, an ideal I of R is called graded if {I∩Rn : n ∈ Z
k}
is a grading of I. Furthermore, if φ : R → S is a ring homomorphism
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between graded rings, φ is called graded if φ(Rn) ⊆ Sn for all n ∈ Z
k. Note
that the kernel of a graded homomorphism is always a graded ideal. If I
is a graded ideal of ring R, then the quotient R/I is naturally graded with
homogeneous components {Rn + I}n∈Zk and the quotient map R→ R/I is
a graded homomorphism. We see from [5, Theorem 3.4] and [7, Theorem
3.7] that every Kumjian-Pask algebra KPR(Λ) is Z
k-graded by
KPR(Λ)n = spanR{sαsβ∗ : α, β ∈ Λ, d(α) − d(β) = n}
for n ∈ Zk.
3. Prime and primitive Kumjian-Pask algebras
Let Λ be a row-finite k-graph with no sources and R be a unital commu-
tative ring. In this section, we give some conditions for Λ and R such that
KPR(Λ) is a prime ring as well as primitive ring. We will generalize our
results in Section 4 for row-finite locally convex k-graphs.
Recall that an ideal I of KPR(Λ) is called basic if rpv ∈ I with r ∈ R\{0}
implies pv ∈ I. An ideal I of ring R is called prime if for each pair of ideals
I1, I2 of R with I1I2 ⊆ I, at least one of them is contained in I. Also, we say
a ring R is prime if the zero ideal of R is prime. Recall from [15, Proposition
II.1.4] that in a graded algebra, a graded ideal I is prime if and only if for
any graded ideals I1, I2 with I1I2 ⊆ I, we have I1 ⊆ I or I2 ⊆ I. We will
use this fact in the proof of Theorem 3.3.
To give some necessary and sufficient conditions for the primeness of
KPR(Λ) in Theorem 3.3, we need the following lemma.
Lemma 3.1. Let Λ be a row-finite k-graph with no sources and R be a
unital commutative ring. If I is a nonzero graded ideal of KPR(Λ), then
there exists rpv ∈ I for some v ∈ Λ
0 and r ∈ R \ {0}.
Proof. Suppose that I is a graded ideal of KPR(Λ). Take an element x ∈
In = I ∩ KPR(Λ)n for some n ∈ Z
k. Since x ∈ KPR(Λ)n, we can write
x =
∑m
i=1 risαisβi∗ such that d(αi) − d(βi) = n, where αi, βi ∈ Λ and
ri ∈ R \ {0}. Set t = ∨1≤i≤md(βi). As Λ has no sources, for each 1 ≤ i ≤ m
apply (KP4) with ti = t− d(βi) to have
sαisβi∗ = sαips(αi)sβi∗ =
∑
λ∈s(αi)Λti
s(αiλ)s(βiλ)∗ .
It is clear that d(αiλ)− d(βiλ) = n. Hence, we can write
x =
m∑
i=1
risαisβi∗ =
m∑
i=1
∑
λ∈s(αi)Λti
ris(αiλ)s(βiλ)∗ ,
where the degree of each βiλ is t. This yields that all αiλ also have the same
degree n− t and by (KP3) we have
s(α1λ)∗xsβ1λ = r1ps(α1λ) ∈ I
for every λ ∈ s(α1)Λ
t1 . 
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Let Λ be a row-finite locally convex k-graph. We define a relation on
Λ0 by setting v ≤ w if there is some λ ∈ vΛw. A subset H of Λ0 is
hereditary if v ∈ H and vΛw 6= ∅ imply w ∈ H. Also, H is saturated if
{s(λ) : λ ∈ vΛ≤ei} ⊆ H for some 1 ≤ i ≤ k implies v ∈ H. So, for a row-
finite k-graph Λ with no sources, the definition of saturation is equivalent
to: s(vΛn) ⊆ H for some n ∈ Nk implies v ∈ H. The saturation of H,
denoted by H, is the smallest saturated subset of Λ0 containing H. Recall
that for a saturated and hereditary subset H of Λ0,
IH = spanR{sµsλ∗ : s(µ) = s(λ) ∈ H}
is a basic and graded ideal of KPR(Λ) [7, Theorem 9.4]. Also, for an ideal I
of KPR(Λ), we define HI := {v ∈ Λ
0 : pv ∈ I}. From [5, Lemma 5.2], HI is
a saturated and hereditary subset of Λ0.
Definition 3.2. Let Λ be a row-finite locally convex k-graph. A nonempty
subset M of Λ0 is called a maximal tail if M satisfies in the following con-
ditions.
(MT1) If w ∈ M and v ∈ Λ0 with vΛw 6= ∅, then v ∈ M.
(MT2) If v ∈ M, for every 1 ≤ i ≤ k there exists λ ∈ vΛ≤ei such that
s(λ) ∈ M.
(MT3) For v1, v2 ∈ M, there exists w ∈ M such that v1Λw 6= ∅ and v2Λw 6=
∅.
Note that a subset H ⊆ Λ0 is hereditary and saturated if and only if
Λ0 \ H satisfies Conditions (MT1) and (MT2). In the following theorem,
we characterize the prime Kumjian-Pask algebras when the underlying k-
graphs have no sources. It will be generalized in Theorem 4.4 for all locally
convex row-finite k-graphs.
Theorem 3.3. Let Λ be a row-finite k-graph with no sources and R be a
unital commutative ring. Then the following are equivalent.
(1) KPR(Λ) is a prime ring.
(2) R is an ID (Integral Domain) and Λ0 satisfies Condition (MT3).
(3) R is an ID and HI ∩HJ 6= ∅ for every nonzero basic graded ideals
I, J of KPR(Λ).
Proof. 1 ⇒ 2: Suppose that KPR(Λ) is a prime ring and v,w ∈ Λ
0. Then
KPR(Λ)pvKPR(Λ) and KPR(Λ)pwKPR(Λ) are two nonzero ideals. By the
primeness of KPR(Λ), KPR(Λ)pwKPR(Λ)pvKPR(Λ) is also nonzero and so
is the corner pwKPR(Λ)pv . By relation (2.1), there are α, β ∈ Λ such that
pwsαsβ∗pv 6= 0 and s(α) = s(β) = z. Hence α ∈ wΛz and β ∈ vΛz which
means Λ0 satisfies Condition (MT3). Now we show that R is an ID. By
contradiction, if there exist nonzero elements r1, r2 ∈ R such that r1r2 = 0,
then r1KPR(Λ) and r2KPR(Λ) are two nonzero ideals of KPR(Λ). But
r1KPR(Λ)r2KPR(Λ) = r1r2KPR(Λ) = {0}, which contradicts the primeness
of KPR
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2 ⇒ 3: Let I and J be two nonzero basic graded ideals of KPR(Λ). By
Lemma 3.1, there are v,w ∈ Λ0 such that pv ∈ I and pw ∈ J . Condition
(MT3) implies that there is z ∈ Λ0 such that vΛz 6= ∅ and wΛz 6= ∅ and so
pz ∈ I ∩ J and HI ∩HJ 6= ∅.
3 ⇒ 1: Let R be an ID and HI ∩HJ 6= ∅ for every nonzero basic graded
ideals I, J of KPR(Λ). We show that the zero ideal of KPR(Λ) is prime.
Since the zero ideal is graded, it is sufficient to show that IJ 6= {0} for
every nonzero graded ideals I, J of KPR(Λ). If I and J are such ideals, by
Lemma 3.1 there are v1, v2 ∈ Λ
0 and r1, r2 ∈ R \ {0} such that r1pv1 ∈ I
and r2pv2 ∈ J . If we set Hi = {z ∈ Λ
0 : viΛz 6= ∅} for i ∈ {1, 2}, it is
clear that H1 and H2 are two hereditary subsets of Λ
0. Let I ′ = IH1 and
J ′ = IH2 . Then pv1 ∈ I
′, pv2 ∈ J
′ and we have r1I
′ ⊆ I and r2J
′ ⊆ J .
Since I ′, J ′ are basic graded ideals of KPR(Λ), from statement (3) we get
H1 ∩H2 6= ∅. Thus, there is z0 ∈ H1 ∩ H2 and since R is an ID, we have
r1r2 6= 0, r1r2pz0 ∈ IJ , and so IJ 6= {0}. 
Now we consider primitive Kumjian-Pask algebras. Recall that a ring R
is said left primitive (right primitive) if it has a faithful simple left (right)
R-module. Since a Kumjian-Pask algebra is left primitive if and only if it is
right primitive, in this case, we simply say to be primitive. Note that every
primitive ring is prime. Also, every commutative primitive ring is a field.
Lemma 3.4 ([12, Lemmas 2.1 and 2.2]). Let R be a field and R1 be a
prime R-algebra. Then there exists a prime unital R-algebra R2 which R1
embeds in R2 as an ideal. Furthermore, R2 is primitive if and only if R1 is
primitive.
Lemma 3.5 ([9, Theorem 1]). A unital ring R is left primitive if and only
if there is a left ideal M 6= R of R such that for every nonzero two sided
ideal I of R, we have M + I = R.
We use the infinite-path representation of a k-graph defined in [5, Section
3] to prove Theorem 3.7 below.
Definition 3.6 ([5]). Let Λ be a row-finite k-graph with no sources and R be
a unital commutative ring. For v ∈ Λ0 and µ, ν ∈ Λ6=0, we define the maps
fv, fλ, fµ∗ : Λ
∞ → FR(Λ
∞) by
fv(x) =
{
x if x(0) = v
0 otherwise,
fλ(x) =
{
λx if x(0) = s(λ)
0 otherwise, and
fµ∗(x) =
{
x(d(µ),∞) if x(0, d(µ)) = µ
0 otherwise,
where FR(Λ
∞) is the free module with basis the infinite path space. By
the universal property of free modules, there are nonzero endomorphisms
Qv, Tλ, Tµ∗ : FR(Λ
∞) → FR(Λ
∞) extending fv, fλ, fµ∗ . In [5], it is shown
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that (Q,T ) is a Kumjian-Pask Λ-family in End(FR(Λ
∞)). So there is an R-
algebra homomorphism piQ,T : KPR(Λ)→ End(FR(Λ
∞)) such that piQ,T (pv) =
Qv, piQ,T (sλ) = Tλ, and piQ,T (sµ∗) = Tµ∗ . The homomorphism piQ,T is called
the infinite-path representation of KPR(Λ).
Recall from Corollary 4.10 and Lemma 5.9 of [5] that the infinite-path
representation piQ,T of KPR(Λ) is faithful if and only if Λ is aperiodic.
Theorem 3.7. Let Λ be a row-finite k-graph with no sources and R be a
unital commutative ring. Then KPR(Λ) is primitive if and only if
(1) Λ0 satisfies Condition (MT3),
(2) Λ is aperiodic, and
(3) R is a field.
Proof. First assume that the above three conditions hold. By Theorem 3.3,
KPR(Λ) is a prime ring. Then Lemma 3.4 implies that there exists a prime
unital ring R2 such that KPR(Λ) embeds in R2 as an ideal and primitivity of
them are equivalent. So, it suffices to prove R2 is a primitive ring. Taking an
arbitrary vertex v ∈ Λ0, suppose that H = {w ∈ Λ0 : v ≤ w} and write H =
{v1, v2, . . .}. We claim that there exists a sequence {λi}
∞
i=1 of paths in Λ such
that for every i ∈ N, λi+1 = λiµi for some path µi ∈ Λ and also vi ≤ s(λi).
For this, set λ1 = v1. Clearly, λ1 satisfies the properties. Assume that there
are λ1, . . . , λn with the indicated properties. By Condition (MT3), there
is u ∈ Λ0 such that vn+1 ≤ u and s(λn) ≤ u and so there is µ ∈ Λ with
s(µ) = u, r(µ) = s(λn). If we set λn+1 := λnµ, then λn+1 has the desired
properties. Hence, the claim holds. Note that since each λi is a subpath of
λi+1, for every n > i, we have
sλisλi∗sλnsλn∗ = sλnsλn∗ .
Define M =
∑∞
i=1R2(1 − sλisλi∗) that is a left ideal of R2. We see that
M 6= R2. Indeed, if M = R2, we have 1 ∈M . So, there are r1, . . . , rm ∈ R2
such that 1 =
∑m
i=1 ri(1− sλisλi∗) which follows
sλmsλm∗ =
m∑
i=1
ri(1− sλisλi∗)sλmsλm∗ = 0,
a contradiction. Therefore, 1 /∈M and M 6= R2.
Now suppose that I is an arbitrary two sided ideal of R2. We show that
M + I = R2. Since R2 is prime and KPR(Λ) is a two sided ideal of R2, we
have I1 = I ∩ KPR(Λ) is a nonzero two sided ideal of KPR(Λ). Since Λ is
aperiodic, an application of the Cuntz-Krieger uniqueness theorem implies
that I1 contains a vertex idempotent pw (see [5, Proposition 5.11]). By
Condition (MT3), there exists z ∈ Λ0 such that w ≤ z and v ≤ z. So,
z = vn for some n ≥ 1. This yields that ps(λn) ∈ I and sλnsλn∗ ∈ I. As
1 = (1− sλnsλn∗) + sλnsλn∗ , we get 1 ∈M + I and M + I = R2. Therefore,
the left ideal M satisfies the conditions of Lemma 3.5 and so R2 is primitive.
By Lemma 3.4, we conclude that KPR(Λ) is primitive.
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Conversely, suppose that KPR(Λ) is primitive. Therefore, KPR(Λ) is a
prime ring and Λ0 satisfies Condition (MT3) by Theorem 3.3. We show that
Λ is aperiodic. Since KPR(Λ) is a primitive ring, it has a faithful simple
left KPR(Λ)-module M . Since M is simple, there is a maximal left ideal J
of KPR(Λ) such that M ∼= KPR(Λ)/J as modules. It follows aM = 0 for
every a ∈ J . As M is faithful, we get a = 0 whenever a ∈ J . So J = 0,
M ∼= KPR(Λ), and KPR(Λ) is a simple KPR(Λ)-module. If Λ is periodic,
[5, Lemma 5.9] implies that the kernel of infinite-path representation piQ,T
is a nonzero ideal of KPR(Λ). Also, piQ,T contains no vertex idempotents
[5, Proposition 5.11] and so, ker piQ,T is a proper nonzero (two sided) ideal
of KPR(Λ). This contradicts the simplicity of KPR(Λ), and hence, Λ is
aperiodic.
It remains to show R is a field. If M is a simple and faithful left KPR(Λ)-
module, similar to above we have M ∼= KPR(Λ) as modules. If R is not a
field, there is a nonzero proper ideal I of R. Then using [5, Theorem 6.4(a)],
IM ∼= IKPR(Λ) is a nonzero proper left KPR(Λ)-submodule of M . This
contradicts the simplicity of M , and therefore, R must be a field. 
4. Locally convex k-graphs
Let Λ be a row-finite locally convex k-graph. In [7, Theorem 7.4], it
is shown that there is a row-finite k-graph Λ˜ with no sources such that
KPR(Λ) and KPR(Λ˜) are Morita equivalent. In this section, we first review
the construction of Λ˜ due to Farthing [8] and then generalize Theorems 3.3
and 3.7 for row-finite locally convex k-graphs with possible sources.
For a row-finite locally convex k-graph Λ, define the sets VΛ and PΛ as
VΛ := {(x;m) : x ∈ Λ
≤∞,m ∈ Nk},
PΛ := {(x; (m,n)) : x ∈ Λ
≤∞,m ≤ n ∈ Nk}.
If we define (x;m) ≈ (y;n) if and only if
V1) x(m ∧ d(x)) = y(n ∧ d(y)) and
V2) m−m ∧ d(x) = n− n ∧ d(y),
then ≈ is an equivalence relation on VΛ and we denote the class of (x;m)
by [x;m]. Also, the relation (x; (m,n)) ∼ (y; (p, q)) if and only if
P1) x(m ∧ d(x), n ∧ d(x)) = y(p ∧ d(y), q ∧ d(y)),
P2) m−m ∧ d(x) = p− p ∧ d(y), and
P3) n−m = q − p
is an equivalence relation on PΛ and we denote the equivalence class of
(x; (m,n)) by [x; (m,n)].
Following [8], there is a k-graph Λ˜ with Λ˜0 := VΛ/ ≈ and Λ˜ := PΛ/ ∼
such that
r([x; (m,n)]) = [x;m] and s([x; (m,n)]) = [x;n],
[x; (m,n)] ◦ [y; (p, q)] = [x(0, n ∧ d(x))σp∧d(y); (m,n + q − p)],
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d([x;m]) = 0 and d([x; (m,n)]) = n−m.
The k-graph Λ˜ = (Λ˜0, Λ˜, r, s, d) contains no sources which is called the des-
ourcification of Λ. Recall from [7, Corollary 7.5] that there is a surjective
Morita context between KPR(Λ˜) and KPR(Λ). Note that, by [7, Theorem
7.4], the primeness and primitivity are invariant under Morita contexts.
Remark 4.1. We may simply check that the paths (λx, (0, d(λ))) and (λy, (0, d(λ)))
are equivalent under ∼ for any λ ∈ Λ and x, y ∈ s(λ)Λ≤∞. So, the
map ι : Λ → Λ˜ satisfying ι(λ) = [λx; (0, d(λ))] for any x ∈ s(λ)Λ≤∞
is a well-defined map. Indeed, ι is an injective k-graph morphism and Λ
and ι(Λ) are isomorphic. Moreover, the map pi : Λ˜ → ι(Λ) defined by
pi[x; (m,n)] = [x; (m ∧ d(x), n ∧ d(x))] for x ∈ Λ≤∞ and m ≤ n ∈ Nk is a
well-defined surjective k-graph morphism such that pi ◦ pi = pi and pi ◦ ι = ι.
See [7, Section 6] for more details.
Lemma 4.2 ([18, Lemma 2.2]). Let Λ be a row-finite locally convex k-graph
and v ∈ Λ0. Suppose x ∈ vΛ≤∞ and p ∈ Nk satisfying p ∧ d(x) = 0. Then
for any other z ∈ vΛ≤∞, we have p ∧ d(z) = 0 and [x; (0, p)] = [z; (0, p)].
Lemma 4.3. Let Λ be a row-finite locally convex k-graph and Λ˜ be its des-
ourcification. Then
(1) Λ˜ is aperiodic if and only if Λ is.
(2) Λ0 satisfies Condition (MT3) if and only if Λ˜0 so does.
Proof. The statement (1) is [18, Proposition 3.6]. For (2), suppose that
Λ0 satisfies Condition (MT3) and take arbitrary vertices [x;m], [y;n] ∈ Λ˜0.
Without loss of generality, we may assume that m ∧ d(x) = n ∧ d(y) =
0. Since x(0), y(0) belong to Λ0, there are λ ∈ x(0)Λ and µ ∈ y(0)Λ
such that s(λ) = s(µ). Take some z ∈ s(λ)Λ≤∞. Then λz ∈ x(0)Λ≤∞,
µz ∈ y(0)Λ≤∞, and by Lemma 4.2 we have [x; (0,m)] = [λz; (0,m)] and
[y; (0, n)] = [µz; (0, n)]. If t := (m− d(λ)) ∨ (n− d(µ)) ∨ 0, then we have
r([λz; (m, t + d(λ))]) = [λz;m] = [x;m],
r([µz; (n, t+ d(µ))]) = [µz;n] = [y;n],
s([λz; (m, t + d(λ))]) = [λz; t+ d(λ)] = [z; t], and
s([µz; (n, t+ d(µ))]) = [µz; t+ d(µ)] = [z; t].
Therefore, [λz; (m, t+d(λ))]) ∈ [x;m]Λ˜ and ([µz; (n, t+d(µ))]) ∈ [y;n]Λ˜ with
the same source. This says that Λ˜0 satisfies Condition (MT3), as desired.
Conversely, assume that Λ˜0 satisfies Condition (MT3). If v,w ∈ Λ0, there
are λ ∈ vΛ˜ and µ ∈ wΛ˜ such that s(λ) = s(µ). So, pi(λ), pi(µ) ∈ Λ and we
have
r(pi(λ)) = pi(r(λ)) = pi(v) = v,
r(pi(µ)) = pi(r(µ)) = pi(w) = w, and
s(pi(λ)) = pi(s(λ)) = pi(s(µ)) = s(pi(µ)).
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Thus pi(λ) ∈ vΛ, pi(µ) ∈ wΛ and s(pi(λ)) = s(pi(µ)). This implies that Λ0
satisfies Condition (MT3). 
Theorem 4.4. Let Λ be a row-finite locally convex k-graph and R be a unital
commutative ring. Then KPR(Λ) is prime if and only if R is an ID and Λ
0
satisfies Condition (MT3).
Proof. Let KPR(Λ) be a prime ring. [7, Corollary 7.5] yields that there is a
surjective Morita context between KPR(Λ) and KPR(Λ˜). As the primeness
is preserved under surjective Morita contexts, KPR(Λ˜) is also a prime ring.
Since Λ˜ is a row-finite k-graph with no sources, Theorem 3.3 implies that
R is an ID and Λ˜0 satisfies Condition (MT3). Hence, Λ0 satisfies Condition
(MT3) either by Lemma 4.3.
For the converse, let Λ0 satisfy Condition (MT3) and R be an ID. As Λ˜0
satisfies Condition (MT3) by Lemma 4.3, we see that KPR(Λ˜) is a prime
ring by applying Theorem 3.3. Now the Morita equivalence between KPR(Λ˜)
and KPR(Λ) gives the result. 
Now, we consider prime graded ideals in the Kumjian-Pask algebra KPR(Λ),
when Λ is a row-finite locally convex k-graph. As a basic graded ideal IH
of KPR(Λ) is prime if and only if the quotient KPR(Λ)/IH ∼= KPR(Λ \H)
is prime, we may use Theorem 4.4 to characterize prime basic graded ideals
of the Kumjian-Pask algebra. Recall from [7, Theorem 9.4] that every basic
graded ideal of KPR(Λ) is of the form IH for a saturated hereditary subset
H of Λ0. Note that when R is a field, every ideal of KPR(Λ) is basic. We
first state the following lemma.
Lemma 4.5. Let Λ be a row-finite locally convex k-graph and R be a unital
commutative ring. For a saturated and hereditary subset H of Λ0, Λ \H =
(Λ0 \H, s−1(Λ0 \H), r, s) is a row-finite locally convex k-graph and KPR(Λ\
H) is canonically isomorphic to KPR(Λ)/IH .
Proof. First, by [16, Theorem 5.2], Λ \ H is a row-finite locally convex k-
graph. Then, similar to the proof of [5, Theorem 5.5], we may define an
isomorphism between KPR(Λ \H) and KPR(Λ)/IH . 
We usually say a locally convex k-graph Λ to be strongly aperiodic if
Λ \H is aperiodic for every hereditary saturated subset H of Λ0. When Λ
is strongly aperiodic with no sources, [5, Corollary 5.7] follows that every
basic ideal of KPR(Λ) is of the form IH for some saturated hereditary set H.
Similarly, we may use [7, Theorem 9.4] to have the same result for KPR(Λ)
when Λ is a locally convex k-graph.
Proposition 4.6. Let Λ be a row-finite locally convex k-graph. A basic
graded ideal IH of KPR(Λ) is prime if and only if Λ
0 \H is a maximal tail
and R is an ID. In particular,
(1) if R is a field, every prime graded ideal of KPR(Λ) is of the form
IH , where Λ
0 \H is a maximal tail;
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(2) if R is a field and Λ is strongly aperiodic, every prime ideal of
KPR(Λ) is of the form IH , where Λ
0 \H is a maximal tail.
Proof. Let IH be a prime ideal of KPR(Λ). Since KPR(Λ)/IH ∼= KPR(Λ\H)
by Lemma 4.5, KPR(Λ\H) is a prime ring. Therefore, Theorem 4.4 implies
that R is an ID and Λ0 \ H satisfies Condition (MT3). Clearly, Λ0 \ H
also satisfies Conditions (MT1) and (MT2) because H is hereditary and
saturated. Hence, Λ0 \H is a maximal tail.
Conversely, suppose that Λ0 \ H is a maximal tail and R is an ID. By
Theorem 4.4, KPR(Λ\H) is a prime ring. Since KPR(Λ)/IH ∼= KPR(Λ\H),
we conclude that IH is a prime ideal of KPR(Λ). 
In Theorem 3.7, we characterize the primitive Kumjian-Pask algebras
when the underlying k-graphs have no sources. We may apply desourcifying
method to obtain a same result for all row-finite locally convex k-graphs.
Theorem 4.7. Let Λ be a row-finite locally convex k-graph and R be a unital
commutative ring. Then KPR(Λ) is primitive if and only if
1) Λ0 satisfies Condition (MT3),
2) Λ is aperiodic, and
3) R is a field.
Proof. Let KPR(Λ) be a primitive ring. By [7, Corollary 7.5], there is sur-
jective Morita context between KPR(Λ) and KPR(Λ˜). As the primitivity is
preserved under surjective Morita contexts, KPR(Λ˜) is also a primitive ring.
Theorem 3.7 implies that Λ˜0 satisfies Condition (MT3), Λ˜ is aperiodic and
R is a field. Therefore, Λ0 satisfies Condition (MT3) and Λ is aperiodic by
Lemma 4.3.
Conversely, let the above three conditions hold. By Lemma 4.3, Λ˜0 sat-
isfies Condition (MT3) and Λ˜ is aperiodic. So, KPR(Λ˜) is a primitive ring.
The Morita equivalence between KPR(Λ˜) and KPR(Λ) implies that KPR(Λ)
is also a primitive ring. 
Proposition 4.8. Let Λ be a row-finite locally convex k-graph and R be a
field. A graded ideal IH of KPR(Λ) is primitive if and only if the k-graph
Λ \ H is aperiodic and Λ0 \ H is a maximal tail. In particular, if Λ is
strongly aperiodic, then every primitive ideal of KPR(Λ) is of the form IH ,
where Λ0 \H is a maximal tail.
Proof. Let IH be a primitive ideal of KPR(Λ). Since Lemma 4.5 yields
that KPR(Λ)/IH ∼= KPR(Λ \H) as rings, KPR(Λ \H) is a primitive ring.
Therefore, Theorem 4.7 implies that Λ0 \H satisfies Condition (MT3) and
Λ \H is aperiodic.
Conversely, let Λ0 \H satisfy Condition (MT3) and Λ \H be aperiodic.
By Theorem 4.7, the Kumjian-Pask algebra KPR(Λ \H) is a primitive ring.
Since KPR(Λ)/IH ∼= KPR(Λ \H), we conclude that IH is a primitive ideal
of KPR(Λ). 
PRIME AND PRIMITIVE KUMJIAN-PASK ALGEBRAS 13
Considering Propositions 4.6 and 4.8, we have the following result.
Corollary 4.9. Let R be a field and Λ be a row-finite locally convex k-graph
that is strongly aperiodic. Then every prime ideal of KPR(Λ) is primitive
and vice versa.
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